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Affinity matrix selection for
spectral clustering
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Abstract—Category 2. This work presents a comparative

study of different affinity measures applied in spectral
clustering algorithms commonly used and recommended
by literature. Spectral algorithms for clustering are
known to be useful in different areas of science and
engineering such as image segmentation, load balance for
intensive computing, circuits design, among others. In
particular they have been proved to be effective in
classification tasks where the classes are not linearly
separable. Typically, spectral clustering involves
calculating an affinity matrix from the data to be
processed, which usually can be done by different standard
approaches or adjusted to the requirements for the specific
algorithm or classification task. Experiments results are
carried out using an image database and clustering
performance is measured by means supervised and
unsupervised indices based on cluster coherence and
objective function value. Results show a general idea of the
effects of the affinity matrix selection in grouping process
in terms of convergence time and accuracy.
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I. INTRODUCTION

n the area of pattern recognition and classification,
clustering methods based on graphs and spectral analysis
are relatively new but have been applied successfully on
several science fields. Such as circuits design [1],
computational load balance for parallel applications [2], image
segmentation [3], among others. These methods are
discriminative, i.e., do not require prior information
(assumptions about the nature of data) and the partitions are
generated taking advantage of the information obtained from
its own method heuristic. In this case, a global decision
criterion that takes into consideration the estimated value of
the probability of two elements are belonging to the same
cluster [4]. Therefore, this kind of analysis can be easily
studied from graph theory, where such probability corresponds
to the affinity measure between a pair of nodes. Commonly,
this criterion is applied on a new representation space whose
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dimension is less than that original data and then a
dimensionality reduction procedure is accomplished, in that
way the relation among elements are conserved as well as
possible. Thus, eigenvectors and eigenvalues based analysis
takes place.
Spectral methods are of great interest for classification
tasks, mainly, in case of classes are not linearly separable. In
particular, spectral clustering uses the information given by
eigenspace (i.e, space generated by eigenvectors) because of
eigenvectors are directly associated with the quality of
clustering. Typically, clustering methods, due to their
discriminative nature, require some prior initial parameters. In
case of spectral clustering, it is necessary to establish a prior
number of groups and the affinity matrix. There are several
alternatives to choose the affinity measure and the selection of
one of them is not a trivial task, but represents an important
issue in spectral analysis.
In this work, a comparative study of different affinity
measures is presented. For this end, it is applied a clustering
algorithm commonly used and recommended by literature:
normalized cuts based clustering [4]. Three different kind of
affinity matrices: trivial, exponential and scaled exponential.
Additionally, an estimation of number of groups is carried out.
Experiments results are obtained over an image database
corresponding to coffee beans. Such images are characterized
using color spaces (HSV, YCC, LAB and LUV). Clustering
performance is measured by means supervised and
unsupervised indices based on cluster coherence and objective
function value. Experiments show the effects of the affinity
matrix selection in the clustering process in terms of
convergence time and accuracy.
II. MATERIALS AND METHODS
A. Clustering method
A weighted graph can be represented as ॳ = (ॽ, ॱ, ࢃ),
where ॽ is the set of nodes or vertices, ॱ is the set of edges
and ࢃ represents the relation among nodes, in other words,
the affinity matrix. Given that ݓ represents the weight of the
edge between i-th and j-th element, it must be a non-negative
value. In addition, in a non-directed graph is evident
that ݓ = ݓ . Therefore, matrix ࢃ must be a symmetric and
positive semi-definite matrix. Fig. 1 shows an example of
weighted graph.
Two measures are of interest: total weighted connections and
degree.
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This method is widely described in [4].
B. Affinity matrix
The relation degree among nodes, also called affinity measure,
can be represented as a symmetric and positive semidefinite
matrix as is discussed above. Therefore, being ࢄ ∈ ℝ ࢊܠthe
data matrix, the affinity matrix can be chosen randomly as a

Wr = X r X rT , where X r is a n × d

matrix of the form
Fig 1. Weighted graph with three nodes

By letting ॳ = (ॽ, ॱ, ࢃ) be a weighted graph and ۯ, ۰ ⊂
ॽ, total weighted connections between  ۯand ۰ can be
computed as:

random matrix.
Another form to select the affinity
corresponds to the trivial case where affinity captures the inner
products among rows of data matrix, i.e,

Wt = X X T . This

form is the most frequently used.

(1)

By the other hand, since the affinity is a similarity measure (i.
e., is opposite to distance or dissimilarity), intuitively, can be
established alternatives as wij = 1/ d( xi , x j ) for (i ≠ j ) with

The degree of a set is simply the total links to all the nodes:

ݓ = const, where d(⋅, ⋅) is a distance measure. This measure
presents an inverse relation with respect to distance and this
could not convenient, in all cases, because it can generate
strong changes on affinity matrix W . Then, soft versions
have been proposed. Exponential affinity matrix is one of

݈݅݊݇ۯ(ݏ, ۰) =



 ∈ ۯ,  ∈ ۰

ݓ

݀݁݃ۯ(ݏ݈݇݊݅ = )ۯ(݁݁ݎ, ॽ)

(2)

Using the degree as a normalization term, it can be defined the
normalized links as:
݈݅݊݇ۯ(ݏ, ۰)
݈݅݊݇ۯ(݅ݐܽݎ, ۰) =
݀݁݃)ۯ(݁݁ݎ

them, which can be expressed as
(3)

In spectral analysis, term ॽ = {1, … , ݊} represents the indices
of data set to be grouped. The aim of spectral clustering is to
decompose ॽ into ݇ disjoint subsets, then, ॽ = ∪ୀଵ ࢂ and
ࢂ ∩ ࢂ = ∅, ∀݈ ≠ ݉, such decomposition is done,
commonly, by using spectral information and orthonormal
transformations.
Two special linkratios are considered for clustering: One is
݈݅݊݇ۯ(݅ݐܽݎ, ۰), which measures how many links stay within
A itself [4]. The another one is ݈݅݊݇ۯ(݅ݐܽݎ, ॽ), which is its
complement and measures how many links escape from A.
According to this, a good clustering can be achieved with both
tight connections within partitions and loose connections
between partitions. These two goals are captured in the K-way
normalized associations (݇݊ܽ )ܿݏݏand normalized cuts
criteria (݇݊ܿ)ݏݐݑ, as follows:


1
݇݊ܽܿݏݏ൫Γॽ୩ ൯ =  ݈݅݊݇ॽ(݅ݐܽݎ , ॽ )
݇
ୀଵ

݇݊ܿݏݐݑ൫Γॽ୩ ൯



1
=  ݈݅݊݇ॽ(݅ݐܽݎ , ॽ\ॽ )
݇
ୀଵ

(4)

The value of

with

the itself affinity does not be of interest, e.g., it can be chosen
as wii

= 0 . In [9], it is presented an alternative to the previous

affinity measure called scaled affinity matrix which can be
written

as wij = e

σ i = d( xi , xN )

− d 2 ( xi , x j ) /(σ iσ j )

and

,

wii = 0 , where

with

xN is the N -th nearest neighbor. The

value of N is chosen regardless the scale parameter and it is
established according to data dimension [1].
Table I shows the summary of affinity measures considered in
this work.
TABLE I
Affinity measures

Affinity measure
Random
Trivial

(5)

(6)

− d 2 ( xi , x j )

wii is set according to analysis conditions, when

Exponential

Because a normalization term was applied, it can be easily
proved
that ݇݊ܽܿݏݏ൫Γॽ୩ ൯ + ݇݊ܿݏݐݑ൫Γॽ୩ ൯ = 1.
Thus,
maximizing the associations and minimizing the cuts are
achieved simultaneously. Therefore, the objective function to
be maximized in order to obtain a good clustering is only:
ߝ൫Γॽ୩ ൯ = ݇݊ܽܿݏݏ൫Γॽ୩ ൯

ݓ = const.

wij = e

Scaled
exponential

Expression

Wr = X r X

T
r

, where

X r is a
n×d

random matrix

Wt = X X T
wij = e
wij = e
where

− d 2 ( xi , x j )

con

− d 2 ( xi , x j ) /(σ iσ j )

wii = cte
, with

σ i = d( xi , xN )

N -th nearest neighbor
Fig 2. Weighted graph with three nodes

and

wii = 0 ,
xN is the
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III. RESULTS AND DISCUSSION
The database is formed by high quality coffee beans images
with controlled lighting. Each image corresponds to green and
ripe coffee beans and some stems. Fig. 2 shows some
examples from the database.

Fig 2. Samples from database

Images were characterized by using space colors such as HSV,
YCC, LAB and LUV. The resultant features represent the
data set: 45288 pixels (rows) and 12 features (columns). After,
pixels were grouped by employing the clustering algorithm
based on the normalized cuts criterion, taking into account
different affinity measures and estimating the number of
groups. The estimation of the number of groups is carried out
by applying the eigenvalues based method described in [9].
Experimental results are shown in Fig. 3 and Table II.
Clustering quality is measured in terms of clustering
performance (CP) and a non-supervised measured generated
by the objective function value ߝ (see eq (6 )). Fig. 3 depicts
graphically the segmentation results for an image from the
database images, where the subfigures correspond to (a)
original image, and performance of (b) trivial affinity, (c)
exponential affinity and (d) scaled exponential affinity.

This can be attributed to the local exploratory analysis
(because of the scale factor) and the soft nature.
IV. CONCLUSIONS
Spectral clustering is a method that presents good
performance, including when classes are not linearly
separable, because it uses the information contained in
eigenvectors and data transformations, however, its
calculation represents a high computational cost. Therefore, it
is necessary to design strategies for improving the
convergence time without losing the effectiveness. To that
end, affinity measures represent a good alternative. Also, it
can be included an estimation of the number of groups stage
based on spectral analysis in order to initialize the algorithm in
a proper way.
Non-supervised measure associated with the coherence of
clusters that is obtained through a partitioning spectral
criterion, is a proper performance index because penalizes the
number of groups and generates a value near to 1 when the
grouping is correct and the affinity matrix is properly chosen.
As future wok, other properties and spectral clustering
algorithms will be studied in order to develop an unsupervised
system that will be less sensitive to initialization and reduce
the computational cost; including stages for initialization,
estimation of number of groups, feature selection and
grouping.
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Fig 3. Segmentation results

(c)

(d)

Table II shows the results obtained: CP, value ߝ and the
number of groups k calculated for five images from data base.
Values of mean (μ) and standard deviation (σ) are presented
(μ − σ).
TABLE II
Clustering performance regarding to affinity measure
Affinity
CP (%)
ߝࡹ
݇
Trivial

90 – 3.71

0.77 – 2.1

8 – 3.12

Exponential

95.3 – 2.2

0.85 – 1.1

6 – 1.7

Scaled exponential

97.4 – 1.16

0.89 – 0.9

5 – 0.9

Exponential affinity shows better performance than trivial, as
can be seen in Table II. By using this kind of affinity improves
the CP, convergence value and estimated number of groups.
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